In this paper, we are concerned with the study of the dimension theory of tensor products of algebras over a field k. We introduce and investigate the notion of generalized AF-domain (GAF-domain for short) and prove that any k-algebra A such that the polynomial ring in one variable A[X] is an AF-domain is in fact a GAF-domain, in particular any AF-domain is a GAF-domain. Moreover, we compute the Krull dimension of A ⊗ k B for any k-algebra A such that A[X] is an AF-domain and any k-algebra B generalizing the main theorem of Wadsworth in [16] .
Introduction
All rings considered in this paper are commutative with identity element and all ring homomorphisms are unital. Throughout, k stands for a field. We shall use t. .., X n ] for each prime ideal p of A. Also, we use Spec(A) to denote the set of prime ideals of a ring A and ⊂ to denote proper set inclusion. All k-algebras considered throughout this paper are assumed to be of finite transcendence degree over k. Any unreferenced material is standard as in [8] , [12] , [13] and [14] . Several authors have been interested in studying the prime ideal structure and related topics of tensor products of algebras over a field k. The initial impetus for these investigations was a paper of R. Sharp on Krull dimension of tensor products of two extension fields. In fact, in [15] , Sharp proved that, for any two extension fields K and L of k, dim(K ⊗ k L) = min(t.d.(K), t.d.(L)) (actually, this result appeared ten years earlier in Grothendieck's EGA [10, Remarque 4.2.1.4, p. 349]). This formula is rather surprising since, as one may expect, the structure of the tensor product should reflect the way the two components interact and -----E-mail address: sbouchiba@hotmail.com keywords: Krull dimension, tensor product, prime ideal, AF-domain.
not only the structure of each component. This fact is what most motivated Wadsworth's work in [16] on this subject. His aim was to seek geometrical properties of primes of A ⊗ k B and to widen the scope of algebras A and B for which dim(A ⊗ k B) depends only on individual characteristics of A and B. The algebras which proved tractable for Krull dimension computations turned out to be those domains A which satisfy the altitude formula over k (AF-domains for short), that is,
for all prime ideals p of A. It is worth noting that the class of AF-domains contains the most basic rings of algebraic geometry, including finitely generated k-algebras that are domains. Wadsworth proved, via [16, Theorem 3.8] , that if A 1 and A 2 are AF-domains, then
His main theorem stated a formula for dim(A ⊗ k B) which holds for an AF-domain A, with no restriction on B, namely:
On the other hand, in [11] , Jaffard proved that, for any ring A and any positive integer n, the Krull dimension of A[n] can be realized as the length of a special chain of A[n]. Recall that a chain C = {Q 0 ⊂ Q 1 ⊂ ... ⊂ Q s } of prime ideals of A[n] is called a special chain if for each Q i , the ideal (Q i ∩ A)[n] belongs to C. Subsequently, based on the thorough and brilliant work of J. Arnold in [1] , Brewer et al. gave an equivalent and simple version of Jaffard's theorem. Actually, they showed that, for each positive integer n and each prime
) [7, Theorem 1] , where q := P ∩ A. Taking into account the natural isomorphism B[n] ∼ = k[n] ⊗ k B for each k-algebra B, we generalized in [5] this special chain theorem to tensor products of k-algebras. Effectively, we proved that if A and B are k-algebras such that A is an AF-domain, then for each prime ideal P of A ⊗ k B,
where q = P ∩B (cf. [5, Lemma 1.5]). It turns out that this very geometrical property totally characterizes the AF-domains. In fact, we proved, in [4] , that the following statements are equivalent for a domain A which is a k-algebra: a) A is an AF-domain; b) A satisfies SCT (for special chain theorem), that is, for each k-algebra B and each prime ideal P of A ⊗ k B with q := P ∩ B,
In view of this, it is then natural to generalize the AF-domain notion by setting the following definitions:
We say that a k-algebra A satisfies GSCT (for generalized special chain theorem) with respect to a k-algebra B if
for each prime ideal P of A ⊗ k B, with p = P ∩ A and q = P ∩ B, and we call a generalized AF-domain (GAF-domain for short) a domain A such that A satisfies GSCT with respect to any k-algebra B.
There is no known example in the literature of a k-algebra A which is a domain and which is not a GAF-domain. This may lead one to ask whether any k-algebra which is a domain is a GAF-domain. The object of this paper is to handle the following question:
(Q): Is any domain A which is a k-algebra such that the polynomial ring A[n] is an AFdomain, for some positive integer n, a GAF-domain?
It is significant, in this regard, to note that if A is an AF-domain then A[n] is an AF-domain for each integer n ≥ 0, and using pullback constructions, Proposition 2.1 shows that these two notions do not coincide by providing a family of k-algebras A such that A is not an AF-domain while there exists a positive integer r such that the polynomial ring A[r] is an AF-domain. In the present paper, we give partial results settling in the affirmative the above question (Q). First, we prove that an AF-domain A is in fact a GAF-domain, thus in particular, any finitely generated algebra over k which is a domain is a GAF-domain. Also, through Proposition 2.5, we prove that (Q) has a positive answer in the case where A is one-dimensional. Whereas, our main result, Theorem 2.8, tackles the case n = 1 of (Q). It computes dim(A ⊗ k B) for a k-algebra A such that A[X] is an AF-domain and for an arbitrary k-algebra B generalizing Wadsworth's main theorem [16, Theorem 3.7] and further asserts that A is a GAF-domain. We end this paper by an example of a GAF-domain A such that, for any positive integer n, the polynomial ring A[n] is not an AF-domain.
Recent developments on height and grade of (prime) ideals as well as on dimension theory in tensor products of k-algebras are to be found in [2] [3] [4] [5] [6] .
Main results
In this section, we handle the question (Q) set above.
First, for the convenience of the reader, we catalog some basic facts and results connected with the tensor product of k-algebras. These will be used frequently in the sequel without explicit mention.
Let A and B be two k-algebras. If p is a prime ideal of A, r = t.d.( A p ) and x 1 , ..., x r are elements of A p , algebraically independent over k, with the x i ∈ A, then it is easily seen that
.., x r are algebraically independent over k and p ∩ S = ∅, where
p. 37] ). Now, assume that S 1 and S 2 are multiplicative subsets of A and B, respectively, then
, where S = {s 1 ⊗ s 2 : s 1 ∈ S 1 and s 2 ∈ S 2 }. We assume familiarity with the natural isomorphisms for tensor products. In particular, we identify A and B with their respective images in We begin by recalling from [2] , [5] and [16] the following useful results.
Our first result allows to construct a bunch of k-algebras A arising from pullbacks which are not AF-domains while there exists an integer n ≥ 1 such that A[n] is an AF-domain. Recall that, by [9] , under the hypotheses of Proposition 2.1, A is an AF-domain if and only if t.d.(K : D) = r−s = 0. Thus, whenever r > s, the issued pullback A is not an AF-domain. 
is an isomorphism and
We establish the following easy result which is probably well known but we have not located references in the literature. 
Proof. If both I and J are prime ideals, then the result easily follows. Fix a prime ideal Q of A that contains J. Let P be a minimal prime ideal of I contained in Q. As ht(I) ≤ ht(P ) and
for each prime ideal Q of A containing J. It follows that
We begin by proving that an AF-domain is a GAF-domain.
Proof. Let P be a prime ideal of A ⊗ k B, p = P ∩ A and q = P ∩ B. By the special chain theorem for tensor products [5, Lemma 1.5],
, where k B (q) denotes the quotient field of B q , so that, by a second application of [5, Lemma 1.5], we get
Then the equality holds, completing the proof. 2
The following result settles in the affirmative the above question (Q) in the case where A is one-dimensional. Proof. Let B be a k−algebra and P a prime ideal of A ⊗ k B with p = P ∩ A and q = P ∩ B. Then, applying [2, Theorem 1.1], we get
Then, for each minimal prime ideal Q of p ⊗ k B + A ⊗ k q, we get
q 1 ∈ Spec(B) with q 1 ⊆ q .
It follows that
Then A is a GAF-domain, as desired. 2
Next, we announce the principal result of this paper. It tackles the case n = 1 of the above-sited question (Q) and generalizes the main theorem of Wadsworth in [16] , namely: If A and B are k-algebras such that A is an AF-domain, then
[16, Theorem 3.7] . This equality might be rewritten in the following way which evokes our next general formula,
p ∈ Spec(A) and q ∈ Spec(B) ( as A is a locally Jaffard domain).
First, it is worthwhile recalling the following definition and results from [3] and [5] . Let A and B be k-algebras and P be a prime ideal of A ⊗ k B. Let q 0 ∈ Spec(B) such that q 0 ⊂ P ∩ B. We denote by λ (., q 0 ), P the maximum of lengths of chains of prime ideals of A ⊗ k B of the form P 0 ⊂ P 1 ⊂ ... ⊂ P s = P such that P i ∩ B = q 0 , for i = 0, 1, ..., s − 1. Applying [3, Lemma 2.4], if A and B are integral domains, then
Further, recall that, if A is a k-algebra and n ≥ 0 is an integer, then the polynomial ring 
c) A is a GAF-domain.
Proof. a) Step 1. B is an integral domain. 
If t.d.(B) = 0, then
, and
It follows that, ∀p 1 ⊆ p ∈ Spec(A) and ∀q 1 ⊆ q ∈ Spec(B),
Consequently,
: p 1 ⊆ p and q 1 ⊆ q are prime ideals of A and B, respectively + ht(
Our proof of the reverse inequality uses induction on ht(p) and ht(q). First, note that 
x is transcendental over A (we identify x with its image 1 ⊗ k x through the canonical injection B → A ⊗ k B)
is an AF-domain, by hypotheses.
Hence
p 1 ⊆ p and q 1 ⊆ q are prime ideals of A and B, respectively +
≤ ht(P ), then the equality holds, as contended.
Three cases arise.
, so that, by the above discussion,
As q ′ = (0), ht(′ ) < ht(q), then by inductive hypotheses with respect to A ⊗ k B q ′ , we get
q ′ ⊆ q 1 ⊆ q and p 1 ⊆ p are prime ideals of A and B, respectively +
A and B, respectively + ht(
Then the equality holds.
By inductive hypotheses, we get
p 1 ⊆ p ′ and q 1 ⊆ q are prime ideals of A and B, respectively +
: p 1 ⊆ p ′ and q 1 ⊆ q are prime ideals of A and B,
≤ ht(P ), and then the equality holds.
≤ ht(P ). Then the equality holds, as desired.
Step 2. B is an arbitrary k-algebra.
). By Step 1,
≤ ht(P ), then the equality holds establishing the desired formula.
b) It is a direct consequence of (a) and [16, Proposition 2.3] .
c) Let B be a k-algebra. Let p ∈ Spec(A) and q ∈ Spec(B). Applying (a), we get 
for each prime ideal P of A ⊗ k B such that p = P ∩ A and q = P ∩ B. Then A is a GAF-domain, as desired. 2
Next, we present an example of a GAF-domain A such that A[n] fails to be an AF-domain for any positive integer n. 
is an integral domain, by [17, Corollary 1, p. 198] . Hence P = p⊗ k B +A⊗ k q, so that ht(P ) = ht(p⊗ k B +A⊗ k q). It follows that A is a GAF-domain, as desired. 2
